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Small Angle Approximations

, ,sin cos tan1 2
1 2. . .i i i i i i-  where i 
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Trigonometric identities
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Kinematics

Motion in a  Motion in two and
straight line three dimensions

v u at= +  tv u a= +

s ut at2
1 2= +  t ts u a2

1 2= +

( )s u v t2
1= +  ( ) ts u v2

1= +

v u as22 2= +          –

s vt at2
1 2= -  t ts v a2

1 2= -
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CORE PURE
Complex Numbers

De Moivre’s theorem:
{ ( )} ( )cos isin cos isinr r n nn ni i i i+ = +

Roots of unity:

The roots of z 1n =  are given by 
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Vectors and 3-D geometry
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MECHANICS
Motion in a circle

For motion in a circle,

tangential velocity is v ri= o

radial acceleration is r
v2

 or r 2io  towards the 
centre

tangential acceleration is rip  

FURTHER PURE WITH 
TECHNOLOGY
Numerical solution of differential equations

For ( , ):d
d

fx
y

x y=

Euler’s method: 
( , )fx x h y y h x yn n n n n n1 1= + = ++ +
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Modified Euler method (A Runge-Kutta 
method of order 2):

( , )fk h x yn n1 =

( , )fk h x h y kn n2 1= + +

, ( )x x h y y k k2
1

n n n n1 1 1 2= + = + ++ +

Runge-Kutta method of order 4:

( , )fk h x yn n1 =

( , )fk h x h y
k

2 2n n2
1= + +

( , )fk h x h y
k

2 2n n3
2= + +

( , )fk h x h y kn n4 3= + +

( )y y k k k k6
1 2 2n n1 1 2 3 4= + + + ++
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Gradient of tangent to a polar curve

For a curve  ( ), d
d

d
d
df
d

r x
y

r r

r r

cos sin

sin cos
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i
i i

i
i i
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EXTRA PURE

Multivariable calculus
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NUMERICAL METHODS
Solution of equations

The Newton-Raphson iteration for solving 

( ) : ( )
( )

f f
f

x x x x
x

0 n n
n

n
1= = -+ l

For the iteration ( )gx xn n1 =+  the relaxed 
iteration is ( ) ( )gx x x1n n n1 m m= - ++ .
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Spearman’s coefficient of rank correlation: 

( )
r

n n

d
1

1

6
s

i
2

2
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/
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Confidence intervals

To calculate a confidence interval for a 
mean or difference in mean in different 
circumstances, use the given distribution 
to calculate the critical value, k.

To 
estimate…

Confidence 
interval

Distribution

a mean x k
n

!
v

N(0, 1)

a mean x k
n
s

! tn–1

difference 
in mean 
of paired 
populations

treat 
differences 
as a single 
distribution
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Critical values for the product moment 
correlation coefficient, r
1-Tail 
Test 5% 2½% 1% ½%

2-Tail 
Test 10% 5% 2% 1%

n
1 - - - -
2 - - - -
3 0.9877 0.9969 0.9995 0.9999
4 0.9000 0.9500 0.9800 0.9900
5 0.8054 0.8783 0.9343 0.9587
6 0.7293 0.8114 0.8822 0.9172
7 0.6694 0.7545 0.8329 0.8745
8 0.6215 0.7067 0.7887 0.8343
9 0.5822 0.6664 0.7498 0.7977
10 0.5494 0.6319 0.7155 0.7646
11 0.5214 0.6021 0.6851 0.7348
12 0.4973 0.5760 0.6581 0.7079
13 0.4762 0.5529 0.6339 0.6835
14 0.4575 0.5324 0.6120 0.6614
15 0.4409 0.5140 0.5923 0.6411
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Critical values for the product moment 
correlation coefficient, r
1-Tail 
Test 5% 2½% 1% ½%

2-Tail 
Test 10% 5% 2% 1%
16 0.4259 0.4973 0.5742 0.6226
17 0.4124 0.4821 0.5577 0.6055
18 0.4000 0.4683 0.5425 0.5897
19 0.3887 0.4555 0.5285 0.5751
20 0.3783 0.4438 0.5155 0.5614
21 0.3687 0.4329 0.5034 0.5487
22 0.3598 0.4227 0.4921 0.5368
23 0.3515 0.4132 0.4815 0.5256
24 0.3438 0.4044 0.4716 0.5151
25 0.3365 0.3961 0.4622 0.5052
26 0.3297 0.3882 0.4534 0.4958
27 0.3233 0.3809 0.4451 0.4869
28 0.3172 0.3739 0.4372 0.4785
29 0.3115 0.3673 0.4297 0.4705
30 0.3061 0.3610 0.4226 0.4629
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Critical values for the product moment 
correlation coefficient, r
1-Tail 
Test 5% 2½% 1% ½%
2-Tail 
Test 10% 5% 2% 1%

n
31 0.3009 0.3550 0.4158 0.4556
32 0.2960 0.3494 0.4093 0.4487
33 0.2913 0.3440 0.4032 0.4421
34 0.2869 0.3388 0.3972 0.4357
35 0.2826 0.3338 0.3916 0.4296
36 0.2785 0.3291 0.3862 0.4238
37 0.2746 0.3246 0.3810 0.4182
38 0.2709 0.3202 0.3760 0.4128
39 0.2673 0.3160 0.3712 0.4076
40 0.2638 0.3120 0.3665 0.4026
41 0.2605 0.3081 0.3621 0.3978
42 0.2573 0.3044 0.3578 0.3932
43 0.2542 0.3008 0.3536 0.3887
44 0.2512 0.2973 0.3496 0.3843
45 0.2483 0.2940 0.3457 0.3801
46 0.2455 0.2907 0.3420 0.3761
47 0.2429 0.2876 0.3384 0.3721
48 0.2403 0.2845 0.3348 0.3683
49 0.2377 0.2816 0.3314 0.3646
50 0.2353 0.2787 0.3281 0.3610
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Critical values for the product moment 
correlation coefficient, r 
1-Tail 
Test 5% 2½% 1% ½%
2-Tail 
Test 10% 5% 2% 1%
51 0.2329 0.2759 0.3249 0.3575
52 0.2306 0.2732 0.3218 0.3542
53 0.2284 0.2706 0.3188 0.3509
54 0.2262 0.2681 0.3158 0.3477
55 0.2241 0.2656 0.3129 0.3445
56 0.2221 0.2632 0.3102 0.3415
57 0.2201 0.2609 0.3074 0.3385
58 0.2181 0.2586 0.3048 0.3357
59 0.2162 0.2564 0.3022 0.3328
60 0.2144 0.2542 0.2997 0.3301
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Critical values for Spearman’s rank 
correlation coefficient, rs

1-Tail 
Test 5% 2½% 1% ½%

2-Tail 
Test 10% 5% 2% 1%

n
1 - - - -
2 - - - -
3 - - - -
4 1.0000 - - -
5 0.9000 1.0000 1.0000 -
6 0.8286 0.8857 0.9429 1.0000
7 0.7143 0.7857 0.8929 0.9286
8 0.6429 0.7381 0.8333 0.8810
9 0.6000 0.7000 0.7833 0.8333
10 0.5636 0.6485 0.7455 0.7939
11 0.5364 0.6182 0.7091 0.7545
12 0.5035 0.5874 0.6783 0.7273
13 0.4835 0.5604 0.6484 0.7033
14 0.4637 0.5385 0.6264 0.6791
15 0.4464 0.5214 0.6036 0.6536
16 0.4294 0.5029 0.5824 0.6353
17 0.4142 0.4877 0.5662 0.6176
18 0.4014 0.4716 0.5501 0.5996
19 0.3912 0.4596 0.5351 0.5842
20 0.3805 0.4466 0.5218 0.5699
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Critical values for Spearman’s rank 
correlation coefficient, rs

1-Tail 
Test 5% 2½% 1% ½%

2-Tail 
Test 10% 5% 2% 1%
21 0.3701 0.4364 0.5091 0.5558
22 0.3608 0.4252 0.4975 0.5438
23 0.3528 0.4160 0.4862 0.5316
24 0.3443 0.4070 0.4757 0.5209
25 0.3369 0.3977 0.4662 0.5108
26 0.3306 0.3901 0.4571 0.5009
27 0.3242 0.3828 0.4487 0.4915
28 0.3180 0.3755 0.4401 0.4828
29 0.3118 0.3685 0.4325 0.4749
30 0.3063 0.3624 0.4251 0.4670
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Critical values for Spearman’s rank 
correlation coefficient, rs

1-Tail 
Test 5% 2½% 1% ½%
2-Tail 
Test 10% 5% 2% 1%

n
31 0.3012 0.3560 0.4185 0.4593
32 0.2962 0.3504 0.4117 0.4523
33 0.2914 0.3449 0.4054 0.4455
34 0.2871 0.3396 0.3995 0.4390
35 0.2829 0.3347 0.3936 0.4328
36 0.2788 0.3300 0.3882 0.4268
37 0.2748 0.3253 0.3829 0.4211
38 0.2710 0.3209 0.3778 0.4155
39 0.2674 0.3168 0.3729 0.4103
40 0.2640 0.3128 0.3681 0.4051
41 0.2606 0.3087 0.3636 0.4002
42 0.2574 0.3051 0.3594 0.3955
43 0.2543 0.3014 0.3550 0.3908
44 0.2513 0.2978 0.3511 0.3865
45 0.2484 0.2945 0.3470 0.3822
46 0.2456 0.2913 0.3433 0.3781
47 0.2429 0.2880 0.3396 0.3741
48 0.2403 0.2850 0.3361 0.3702
49 0.2378 0.2820 0.3326 0.3664
50 0.2353 0.2791 0.3293 0.3628
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Critical values for Spearman’s rank 
correlation coefficient, rs

1-Tail 
Test 5% 2½% 1% ½%
2-Tail 
Test 10% 5% 2% 1%
51 0.2329 0.2764 0.3260 0.3592
52 0.2307 0.2736 0.3228 0.3558
53 0.2284 0.2710 0.3198 0.3524
54 0.2262 0.2685 0.3168 0.3492
55 0.2242 0.2659 0.3139 0.3460
56 0.2221 0.2636 0.3111 0.3429
57 0.2201 0.2612 0.3083 0.3400
58 0.2181 0.2589 0.3057 0.3370
59 0.2162 0.2567 0.3030 0.3342
60 0.2144 0.2545 0.3005 0.3314
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Percentage points of the normal 
distribution

z
%p2

1%p2
1

p 10 5 2 1
z 1.645 1.960 2.326 2.576

Critical values for the Wilcoxon Single 
Sample test

1-tail 5% 2½% 1% ½%
2-tail 10% 5% 2% 1%
n

2 – – – –
3 – – – –
4 – – – –
5 0 – – –
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Critical values for the Wilcoxon Single 
Sample test

1-tail 5% 2½% 1% ½%
2-tail 10% 5% 2% 1%
n
6 2 0 – –
7 3 2 0 –
8 5 3 1 0
9 8 5 3 1
10 10 8 5 3
11 13 10 7 5
12 17 13 9 7
13 21 17 12 9
14 25 21 15 12
15 30 25 19 15
16 35 29 23 19
17 41 34 27 23
18 47 40 32 27
19 53 46 37 32
20 60 52 43 37
21 67 58 49 42
22 75 65 55 48
23 83 73 62 54
24 91 81 69 61
25 100 89 76 68
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Critical values for the Wilcoxon Single 
Sample test

1-tail 5% 2½% 1% ½%
2-tail 10% 5% 2% 1%
n
26 110 98 84 75
27 119 107 92 83
28 130 116 101 91
29 140 126 110 100
30 151 137 120 109
31 163 147 130 118
32 175 159 140 128
33 187 170 151 138
34 200 182 162 148
35 213 195 173 159
36 227 208 185 171
37 241 221 198 182
38 256 235 211 194
39 271 249 224 207
40 286 264 238 220
41 302 279 252 233
42 319 294 266 247
43 336 310 281 261
44 353 327 296 276
45 371 343 312 291
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Critical values for the Wilcoxon Single 
Sample test

1-tail 5% 2½% 1% ½%
2-tail 10% 5% 2% 1%
n
46 389 361 328 307
47 407 378 345 322
48 426 396 362 339
49 446 415 379 355
50 466 434 397 373
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